Let G be a graph with n vertices and λ n (G) be the least eigenvalue of its adjacency matrix of G. In this paper, we give sharp bounds on the least eigenvalue of graphs without given pathes or cycles and determine the extremal graphs. This result gives spectral conditions for the existence of specified paths and cycles in graphs.
Introduction
Let G = (V, E) be the graph with vertex set V and edge set E. Let |G| and e(G) = |E(G)| be the order and the size of G, respectively. A graph G is said H-free, if G does not contain a copy of H. Denote by P t and C t the path and cycle of order t, respectively. Let N d (u) = {v|v ∈ V (G), d G (v, u) = d}, where V (G) is the vertex set of G and d G (v, u) is the distance between u and v. Particularly, denote N(u) = N 1 (u) and d(u) = |N(u)|.
For two disjoint vertex sets V 1 and V 2 , let e(V 1 , V 2 ) be the number of edges with one endpoint in V 1 and another in V 2 . Let A(G) be the adjacency matrix of a graph G. The largest modulus of an eigenvalue of A(G) is called the spectral radius of G and denoted by ρ(G). It is known that for a connected graph G, there exists a positive unit eigenvector corresponding to ρ(G), which is called the Perron vector of G.
A central problem of extremal graph theory is as follows: for a given graph H, what is the maximum number of edges of an H-free graph of order n? In the past decades, much attention has been paid to the spectral version of above question, that is, what is the maximum spectral radius of an H-free graph of order n? It is known that if H is a star K 1,r+1 , then the extremal graph is an r-regular graph (see [8] ). In recent years, Fiedler and Nikiforov [6] solved the question for H ∼ = C n or H ∼ = P n . Nikiforov solved the case H ∼ = C 2k+1 for large enough n (see [9] ) and the case that H is a complete graph K r+1 or a complete bipartite graph K 2,r+1 (see [10] ). In [11] , Nikiforov showed if G is a C 4 -free graph with n vertices, then ρ 2 (G) − ρ(G) − (n − 1) ≤ 0 with equality if and only if G is the friendship graph (now n is odd). Moreover, he conjectured if G is a C 4 -free graph with even vertices, then
with equality if and only if
G is a star of order n with n 2 − 1 disjoint additional edges. Zhai and Wang [18] showed this conjecture is true. In [12] , Nikiforov obtained the extremal graph for H ∼ = P 2k+2 or H ∼ = P 2k+3 and gave a conjecture on H ∼ = C 2k+2 (see [12] , Conjecture 15.). This paper solves these two questions in the class of bipartite graphs (see Theorems 2.1 and 2.2).
Let λ n (G) be the least eigenvalue of a graph G of order n. It is known that λ n (G) = −ρ(G) for a bipartite graph G (see [4] ). Recently, researchers have begun to pay attention to the least eigenvalues of graphs with a given value of some well-known integer graph invariant: for instance: order and size [1, 2, 5, 13] , unicyclic graphs with a given number of pendant vertices [7] , matching number and independence number [14] , number of cut vertices [15] , connectivity, chromatic number [16] , domination number [17] . This paper also gives a spectral extremal characterization on the least eigenvalue of graphs (see Theorems 1.3 and 1.4).
(1)
Equality holds if and only if G is isomorphic to a complete bipartite graph K |X|,|Y | , where
and equality holds if and only if the subgraph induced by N(u) ∪ N 2 (u) is isomorphic to one of the following:
(ii) a graph obtained from K k,|N 2 (u)| and an additional vertex v ∈ N(u) by joining it with k − 1 vertices of N 2 (u).
⌉, and equality holds if and only if
G ∼ = K ⌊ n 2 ⌋,⌈ n 2 ⌉ . (ii) If t = 2k + 2 and n ≥ t, then λ n (G) ≥ − k(n − k),
and equality holds if and only if
G ∼ = K k,n−k . Theorem 1.4 Let G be a P t -free graph of order n. (i) If n < t, then λ n (G) ≥ − ⌊ n 2 ⌋⌈ n 2
⌉. Equality holds if and only if
G ∼ = K ⌊ n 2 ⌋,⌈ n 2 ⌉ . (ii) If n ≥ t, then λ n (G) ≥ − k(n − k), where k = ⌊ t−2 2
⌋. Equality holds if and only if
In the remaining part of this paper, we give the proofs of Lemmas 1.1 and 1.2, and Theorems 1.3 and 1.4.
Proofs
Proof of Lemma 1.1. We use induction on |Y |.
So, (1) follows and the equality holds if and only if G ∼ = K |X|,k−1 . Now we suppose that the inequality holds for |Y | ≤ M, where M ≥ k.
Hence we have 
We may assume that G is connected. Otherwise, we use the induction hypothesis on each component of G and the inequality follows immediately. Now we suppose that P is a longest path in G with two endpoints w 1 , w 2 .
One can find now each vertex in P ∩ Y is an endpoint of a path of the same length with P . Similarly, we have N G (w) = P ∩ X for any w ∈ P ∩ Y . Then X = P ∩ X (otherwise we can find a path with length longer than |P | which is forbidden). Thus we have d G (u) = k for each u ∈ Y since d G (u) ≥ k and |X| = |P ∩X| = k. Therefore G ∼ = K k,|Y | and then the inequality in (1) is an equality. Since G is P 2k+3 -free, N(u)\V (P ) = ∅ which implies that |N(u)| = k+1 and |N 2 (u)| ≥ k. We distinguish the following two cases.
and equality holds if and only if
If equality holds, then d H (v) = k − 1.
Further, we can find that each vertex x ∈ N(u) must be an endpoint of a path of order 2k+1 in H. Correspondingly,
. This implies that V (P ) induces a copy of K k+1,k . Since G is
We then have a path of order 2k + 3 in
This completes the proof. ✷ Theorem 2.1 Let G be a C t -free bipartite graph of order n.
⌉. Equality holds if and only if
G ∼ = K ⌊ n 2 ⌋,⌈ n 2 ⌉ . (ii) If t = 2k + 2 and n ≥ t, then ρ(G) ≤ k(n − k).
Equality holds if and only if
⌉ has maximal spectral radius among all bipartite graphs of order n. If t is odd or n < t, then ρ(G) ≤ ⌊ 
(ii) Let G be a bipartite graph without C 2k+2 and
where I is the identity matrix of order n. Since G is C 2k+2 -free, G does not contain a copy of P 2k+1 with both endpoints in N(u) for any u ∈ V (G). Let b(u) be the sum of the u-th row of B. Note that (A(G) 2 ) u is the number of walks of length 2 which are started from u. Then by Lemma 1.1, for any u ∈ V (G),
If the equality holds, then by the second inequality, N 3 (u) = ∅. Further, by the first inequality and Lemma 1.
This implies that G ∼ = K k,n−k .
Let X be an eigenvector of G corresponding to ρ(G) with
Thus we have ρ(G) ≤ k(n − k). If the equality holds, then b(u) = 0 for any u ∈ V (G).
⌉. Equality holds if and only if
G ∼ = K ⌊ n 2 ⌋,⌈ n 2 ⌉ . (ii) If n ≥ t, then ρ(G) ≤ k(n − k), where k = ⌊ t−2 2
⌋. Equality holds if and only if
⌉ has maximal spectral radius among all bipartite graphs of order n, (i) holds clearly. Next consider (ii).
If t = 2k + 2, that is, G is P 2k+2 -free, then G is also C 2k+2 -free. Note that K k,n−k does not contain a copy of P 2k+2 . By (ii) of Theorem 2.1, the result holds.
If t = 2k + 3, then n ≥ 2k + 3. Note that
Above inequalities become equalities if and only if n = 2k + 3 = 5, that is, n = t = 5. So we may assume that G does not contain a connected component isomorphic to K k+1,k+1 . Then by Lemma 1.2,
for any u ∈ V (G).
Let X be an eigenvector of G corresponding to ρ(G) with n i=1 x i = 1 and
Similar to the proof of Theorem 2.1, we have
Hence, ρ(G) ≤ k(n − k). If the equality holds, then b(u) = 0 for any u ∈ V (G). This also implies that N 3 (u) = ∅ and (2) becomes an equality for any u ∈ V (G). Note that if the case (ii) of Lemma 1.2 occurs, then d G (u) = k + 1 and d G (v) = k. Thus either G − u ∼ = K k,|N 2 (u)| or G − u ∼ = K |N (u)|,k−1 (otherwise, there will exist a vertex v ∈ V (G) such that b(v) < 0). So G ∼ = K k,n−k . we complete the proof. ✷
The following lemma is very useful in characterizing the extremal graph with minimal least eigenvalue. 
